Fix a finite field Fq of odd characteristic and an integer g ≥ 1. We prove that the Q-vector space spanned by the L-polynomials of curves of genus g over Fq has dimension g + 1.
Introduction
Let Fq be a finite field of characteristic p > 2 and order q = p f . For every g ≥ 1, we let Mg(Fq) be the set of smooth projective curves of genus g over Fq, up to isomorphism over Fq. Recall that, given a curve C/Fq, one may introduce its zeta function and that by work of Schmidt [Sch31] and Weil [Wei48] we know that Z(C/Fq, s) is a rational function of t := q −s . More precisely, we can write
where PC(t) is a polynomial (often called the L-polynomial of C) that satisfies the following:
1. PC(t) has integral coefficients and PC(0) = 1;
2. deg PC(t) = 2g, where g = g(C) is the genus of C;
3. writing PC(t) = 2g i=0 ait i we have the symmetry relations ag+i = q i ag−i for every i = 0, . . . , g.
We wish to consider the L-polynomials of all the curves of a given genus over Fq: Definition 1.1. Given a finite field Fq and a positive integer g we define Pg(Fq) := {PC(t) C ∈ Mg(Fq)}.
As a consequence of the properties of PC(t) recalled above, it is immediate to see that the Q-vector subspace of Q[t] spanned by the polynomials in Pg(Fq) has dimension at most g + 1. The purpose of this note is to show that in fact there is always equality: this extends work of Birch [Bir68] for curves of genus 1 and of Howe-Nart-Ritzenthaler [HNR09] for curves of genus 2, and confirms a conjecture of Kaczorowski and Perelli [KP] . Theorem 1.2. Let p be an odd prime, let f ≥ 1 and denote by Fq the finite field with q = p f elements. Let Pg(Fq) be as in Definition 1.1 and let Lg(Fq) be the Q-vector subspace of Q[t] spanned by Pg(Fq). We have dim Q Lg(Fq) = g + 1.
The proof is based on the following observation: in order to establish the linear independence of a set of polynomials with integral coefficients, it is certainly enough to show that they are linearly independent modulo 2. In the case of the L-polynomial of a curve C, the reduction modulo 2 can be read off the action of Galois on the set of 2-torsion points of the Jacobian of C. In turn, when C is hyperelliptic, this action is easy to write down explicitly in terms of a defining equation of C: it is then a simple matter to find g + 1 curves whose L-polynomials form a basis of Lg(Fq). We remark in particular that our proof is constructive: Corollary 2.5 gives many possible choices of g + 1 curves whose L-polynomials form a basis of Lg(Fq).
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Proof of Theorem 1.2
Before beginning with the proof proper, it will be useful to recall the well-known connection between the L-polynomial of a curve C of genus g and the Galois representations attached to the Jacobian J of C. Let ℓ be any prime different from p (in particular, ℓ = 2 will do) and let T ℓ J be the ℓ-adic Tate module of J, that is,
There is a natural action of Gal(Fq/Fq) on T ℓ J (induced by the action of Gal(Fq/Fq) on the torsion points of J), and it can be shown that T ℓ J is a free Z ℓ -module of rank 2g. Fixing a Z ℓ -basis of T ℓ J we thus obtain a representation ρ ℓ ∞ : Gal(Fq/Fq) → GL2g(Z ℓ ); since Gal(Fq/Fq) is (pro)cyclic, generated by the Frobenius automorphism Frob, we are mostly interested in the action of Frob on T ℓ J, which is captured by its characteristic polynomial
Notice that we also have an action of Gal(Fq/Fq) on the ℓ-torsion points of J(Fq), which form an F ℓ -vector space of dimension 2g; we can thus obtain a mod-ℓ representation
. It is clear from the definitions that f C,ℓ (t) is nothing but the reduction modulo ℓ of f C,ℓ ∞ (t). We may know recall the connection between PC(t) and f C,ℓ ∞ (t):
Theorem 2.1 (Grothendieck-Lefschetz formula, [Del77] ). The equality PC(t) = t 2g f C,ℓ ∞ (1/t) holds for every prime ℓ = p.
Thanks to the previous theorem, it makes sense to define fC(t) ∈ Z[t] as f C,ℓ ∞ (t), where ℓ is any prime different from p; from now on, we shall choose ℓ = 2. This choice has the additional advantage that working modulo 2 makes the connection between the L-polynomial and the characteristic polynomial of Frobenius particularly simple: Corollary 2.2. We have PC(t) ≡ fC(t) (mod 2).
and fC(t) = 2g i=0 bit i . By the previous theorem we have the equality bi = a2g−i, and since q is odd we also have
We now recall a concrete description for the vector space of 2-torsion points of a hyperelliptic Jacobian, at least in the case when the hyperelliptic model is given by a polynomial of odd degree. Let f (x) ∈ Fq[x] be a separable polynomial of degree 2g + 1 and let C/Fq be the unique smooth projective curve birational to the affine curve y 2 = f (x). Furthermore, let J/C be the Jacobian of C and {α1, . . . , α2g+1} be the set of roots of f (x) in Fq. Then for i = 1, . . . , 2g + 1 we have a point (αi, 0) ∈ C(Fq); also notice that C, being given by an odd-degree model, has a unique point at infinity, which we denote by ∞. We denote by Ri = [(αi, 0) − ∞] the classes of the divisors Qi = (αi, 0) − ∞. We then have the following well-known description for the 2-torsion of J (see for example [Gro12] ): it follows immediately that the characteristic polynomial of ρ(Frob) is
On the other hand, by the previous lemma there is a Galois-equivariant exact sequence
where the action of Frob on the sum P1 + · · · + P2g+1 is trivial. This implies that det(t Id −ρ(Frob)) = det(t Id −ρ2(Frob))(t − 1), which, combined with our previous determination of the characteristic polynomial of ρ(Frob), concludes the proof.
Thanks to the previous lemma it is easy to obtain the reduction modulo 2 of the L-polynomial of any given hyperelliptic curve with an odd-degree model; in the next corollary we use this to produce curves whose L-polynomials have particularly simple reductions modulo 2. 
For d = 1, . . . , g we have the congruence
while for d = 0 we have
Proof. This is a direct application of the previous lemma, combined with the fact that by Corollary 2 we have PC(t) ≡ fC(t) (mod 2).
Proof of Theorem 1.2. The inequality dim Q Lg(Fq) ≤ g + 1 follows immediately from the symmetry relation ag+i = q i ag−i satisfied by the coefficients of the L-polynomials; it thus suffices to establish the lower bound dim Q Lg(Fq) ≥ g + 1.
Consider the g + 1 curves C0, . . . , Cg of Corollary 2.5 (any choice of the irreducible polynomials f d (x) will work) and the corresponding L-polynomials PC 0 (t), . . . , PC g (t). Let M ⊆ Z[t] be the Z-module generated by these polynomials; it is clear that in order to prove the theorem it suffices to show that rank Z M ≥ g + 1. Notice that M ⊗ F2 is in a natural way a vector subspace of F2 [t] , and that
Let N ⊂ F2[t] be the image of the linear map
→ (t − 1)q(t).
The F2-vector space N is generated by the g + 1 polynomials (t − 1)PC i (t) for i = 0, . . . , g, hence, by Corollary 2.5, by the g + 1 polynomials t 2g+1 + 1 and t 2g+1 + t 2g+1−i + t i + 1 for i = 1, . . . , g.
It is immediate to check that these g + 1 polynomials are F2-linearly independent, which implies
